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1. Introduction

Magnetic curves represent trajectories of charged particles moving on a Rie-
mannian manifold under the action of a magnetic field.

A magnetic field F on a Riemannian manifold (M, g) is a closed 2-form.
The Lorentz force Φ derived from F is a (1, 1)-tensor field on M defined by

g(ΦX, Y ) = F (X,Y ), ∀X,Y ∈ X(M). (1)

A curve γ(t) is called a magnetic curve (with respect to the magnetic
field F ) if it satisfies the Lorentz equation:

∇γ′γ′ = Φ γ′, (2)

where ∇ is the Levi-Civita connection of g.
One can see that the Lorentz equation for magnetic curve is a general-

ization of the geodesic equation. If Φ = 0, i.e., F = 0, the differential Eq. (2)
coincides with the geodesic equation.

If M is an oriented Riemannian 3-manifold oriented by the volume form
dvg, then closed 2-forms can be identified with divergence free vector fields via
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the volume element. In fact for any divergence free vector field V , correspond-
ing closed 2-form FV is

FV (X,Y ) = ιV dvg(X,Y ) = dvg(V,X, Y ).

Here ιV denotes the interior product by V . In addition, via the cross product
× of (M3, g) defined by

g(X × Y,Z) = dvg(X,Y,Z), ∀Z ∈ X(M),

the Lorentz equation with respect to FV is rewritten as

∇γ′γ′ = V × γ′.

In particular, Killing vector fields define an important class of magnetic fields
which are called Killing magnetic fields.

The study of magnetic curves in arbitrary Riemannian manifolds was
developed in 1990’s, even though related works can be found earlier [10,19].

In recent years, magnetic curves in homogeneous Riemannian 3-manifolds
are paid much attention. Interesting results on magnetic curves in Euclidean 3-
space E

3 [16], Berger 3-sphere (including the unit 3-sphere S
3) [12], the special

linear group SL2R [13] and in the 3-tori [17] are obtained recently. In addition,
magnetic curves derived from Killing magnetic fields in Minkowski 3-space, E3

and SL2R space are investigated in [5–7], respectively.
The Euclidean 3-space E3, the unit 3-sphere S3 and the universal covering

space ˜SL2R of SL2R are model spaces of 3-dimensional geometry in the sense
of Thurston [20]. In our previous works [8,9], we have investigated magnetic
trajectories on the model space Sol3 of solvegeometry of Thurston. More pre-
cisely, we studied magnetic curves in Sol3 with respect to the magnetic field
derived from the standard contact structure in [9] and the ones corresponding
to basic Killing vector fields in [8].

Here we would like to propose another viewpoint for magnetic fields on 3-
dimensional model spaces of Thurston geometries. It is known that every model
space of Thurston geometries admits an almost contact structure compatible
to the metric (see Sect. 3.1).

From the viewpoint of almost contact structures, the space Sol3 has two
standard almost contact structures. The first one is the contact metric struc-
ture studied in the previous paper [9]. The second one is a standard almost
cosymplectic structure (see Sect. 3.2). The standard almost cosymplectic struc-
ture on Sol3 induces a magnetic field on Sol3. It should be remarked that the
divergence free vector field corresponding to the magnetic field induced from
the standard almost cosymplectic structure is not Killing.

The purpose of this paper is to study the magnetic curves in Sol3 with
respect to the magnetic fields derived from the standard almost cosymplectic
structure.
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2. The Space Sol3

In this section we recall some relevant facts on Sol3 space.
The model space Sol3 in the sense of Thurston [20] is the Cartesian 3-space
R

3(x, y, z) equipped with a homogeneous Riemannian metric (see [18])

g = e2zdx2 + e−2zdy2 + dz2. (3)

The Sol3 space is a Lie group with respect to the multiplication law

(x, y, z) ∗ (a, b, c) = (x + e−za, y + ezb, z + c).

The orthonormal coframe field θ = {θ1, θ2, θ3} corresponding to the met-
ric (3) is given by

θ1 = ezdx, θ2 = e−zdy, θ3 = dz.

The left invariant orthonormal frame field {e1, e2, e3} dual to θ is given by

e1 = e−z ∂

∂x
, e2 = ez ∂

∂y
, e3 =

∂

∂z
. (4)

The space Sol3 is oriented by the volume form dvg = dx∧dy∧dz. With respect
to this orientation, {e1, e2, e3} is positively oriented orthonormal frame field.
The Levi-Civita connection ∇ of Sol3 is given by

∇e1e1 = −e3, ∇e1e2 = 0, ∇e1e3 = e1,
∇e2e1 = 0, ∇e2e2 = e3, ∇e2e3 = −e2,
∇e3e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0.

The columns of this table implies that e1, e2 and e3 are divergence free vector
fields.

3. Almost Cosymplectic Structure on Sol3 Space

3.1. Almost Contact Metric Manifold

Let (M3, g) be a Riemannian 3-manifold. An almost contact structure (Φ, ξ, η)
compatible to the metric g is a triplet consisting of a (1, 1)-tensor field Φ, a
vector field ξ and a 1-form η such that:

η(ξ) = 1, η ◦ Φ = 0, Φξ = 0,

Φ2X = −X + η(X)ξ,
g(ΦX,ΦY ) = g(X,Y ) − η(X)η(Y ), ∀X,Y ∈ X(M). (5)

It is known that every oriented Riemannian 3-manifold admits an almost con-
tact structure compatible to the metric [2].

A Riemannian manifold (M,Φ, ξ, η, g) equipped with a compatible almost
contact structure is called an almost contact metric 3-manifold. The vector field
ξ is called the characteristic vector field of M .
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On an almost contact metric 3-manifold M , one can define a 2-form F
by

F (X,Y ) = g(ΦX, Y ), X, Y ∈ X(M). (6)

The 2-form F is called the fundamental 2-form of M . Note that F is not
necessarily closed. One can see that M is oriented by a volume form

dvg = F ∧ η.

If we take a local unit vector field e1 orthogonal to ξ, then {e1, e2 = Φe1, e3 =
ξ} is a positively oriented local orthonormal frame field on M . It should be
remarked that ξ is the vector field corresponding to F . In fact,

dvg(ξ,X, Y ) = (F ∧ η)(ξ,X, Y ) = F (X,Y ).

Moreover, the request F is closed is equivalent to the request ξ is a divergence
free.

The cross product × is determined by

g(X × Y,Z) = dvg(X,Y,Z) = (F ∧ η)(X,Y,Z).

From this equation one can deduce that

X × Y = F (X,Y )ξ − η(Y )ΦX + η(X)ΦY. (7)

When F is closed, then F is a magnetic field on an almost contact metric
3-manifold. Such a magnetic field is referred to as a contact magnetic field.

Here are some classes of almost contact metric 3-manifolds with closed
fundamental 2-forms (see [1]):

– An almost contact metric 3-manifold M is said to be an almost cosym-
plectic 3 -manifold if both η and F are closed, i.e.

dη(X,Y ) = 0 and dF (X,Y,Z) = 0, ∀X,Y,Z ∈ X(M). (8)

– An almost contact metric 3-manifold M is said to be a contact metric 3
-manifold if F = 2dη.

Remark 1. (Normality) The almost contact metric structure (Φ, ξ, η) on M is
said to be normal if

[Φ,Φ](X,Y ) = −2dη(X,Y )ξ, ∀X,Y ∈ X(M),

where [Φ,Φ] denotes the Nijenhuis torsion of Φ.
A normal almost cosymplectic 3-manifold M is called a cosymplectic 3-

manifold. On the other hand, normal contact metric 3-manifolds are called
Sasakian 3-manifolds.

Magnetic curves in Sasakian manifolds of arbitrary odd dimension, cosym-
plectic manifolds of arbitrary odd dimension, quasi-Sasakian 3-manifolds and
quasi-Sasakian R

2N+1 are investigated in [3,4,14,15], respectively.
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Now let M be an almost contact metric 3-manifold with closed funda-
mental 2-form F . Then F is a magnetic field on M . As we have seen before,
the corresponding divergence free vector field is nothing but the characteristic
vector field ξ.

In our previous paper [9], we have investigated magnetic curves in Sol3
with respect to the contact magnetic field derived from the divergence free
vector field

ξ0 =
1√
2

(e1 + e2) =
1√
2

(

e−z ∂

∂x
+ ez ∂

∂y

)

.

The corresponding closed 2-form (magnetic field) was given by

F0 =
√

2
(

e−zdy ∧ dz + ezdz ∧ dx
)

.

The almost contact metric structure determined by ξ0 is non-normal con-
tact metric structure. However ξ0 is not Killing.

On the other hand, in [8] we have studied magnetic curves in Sol3 derived
from the basic Killing vector fields

K1 =
∂

∂x
, K2 =

∂

∂y
, K3 = x

∂

∂x
− y

∂

∂y
− ∂

∂z
,

where the corresponding closed fundamental 2-forms were given by

F1 = dy ∧ dz, F2 = dz ∧ dx, F3 = x dy ∧ dz − y dz ∧ dx − dx ∧ dy.

It should be remarked that these Killing vector fields are not of unit length.
From almost contact geometric point of view, Sol3 is known as a typical ex-
ample of non-normal almost cosymplectic 3-manifold. In the next subsection
we describe the standard almost cosymplectic structure on Sol3.

3.2. Almost Cosymplectic Structure on Sol3
In this subsection, we introduce an almost cosymplectic structure on Sol3.

We choose the characteristic vector field ξ := e3 and denote by η = dz the
metrical dual 1-form of ξ. Note that η is a closed form. Since ξ is divergence
free, its corresponding 2-form F = Fξ is a magnetic field on Sol3. The magnetic
field Fξ is computed as

Fξ(X,Y ) = dvg(∂z,X, Y ) = (dx ∧ dy)(X,Y ). (9)

By using (1) and (9), the Lorentz force Φ = Φξ of F is computed as

Φξ(∂x) = e2z∂y, Φξ(∂y) = −e−2z∂x, Φξ(∂z) = 0.

These formulas are rewritten as

Φξ(e1) = e2, Φξ(e2) = −e1, Φξ(e3) = 0. (10)

It is easy to show that the conditions (5) and (8) are fulfilled and hence
(Sol3, Φ, ξ, η, g) is an almost cosymplectic 3-manifold. Moreover, (Sol3, Φ, ξ, η, g)
is not normal. The almost cosymplectic structure (Φ, ξ, η, g) is called the stan-
dard almost cosymplectic structure on Sol3.
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Remark 2. The left invariant vector fields e1, e2 and e3 define left invariant
almost contact structures on Sol3. The induced almost contact structures give
magnetic fields on Sol3. We could study magnetic curves with respect to mag-
netic fields F1 = e−zdy ∧ dz and F2 = ezdz ∧ dx derived from divergence free
vector fields e1 and e2 but in these cases we will not have an almost cosym-
plectic structure.

4. Magnetic Curves in Sol3

In this section we examine magnetic curves in Sol3 with respect to the almost
cosymplectic structure given in Sect. 3.2.

The first task is to deduce the magnetic curve equation (2) for a regular
curve γ(s) = (x(s), y(s), z(s)) in Sol3 with respect to the magnetic field Fξ =
dx ∧ dy. We have

γ′(s) = x′(s)
∂

∂x
+ y′(s)

∂

∂y
+ z′(s)

∂

∂z
,

and from (4) it follows

γ′(s) = ez x′(s) e1 + e−z y′(s) e2 + z′(s) e3. (11)

Next we compute the covariant derivative ∇γ′γ′.

∇γ′γ′ = ez

(

x′′ + 2x′z′
)

e1 + e−z

(

y′′ − 2y′z′
)

e2

+
(

z′′ − e2z (x′)2 + e−2z (y′)2
)

e3.

Taking in account relations (11) and (10) we have

Φ (γ′) = −e−zy′ e1 + ezx′ e2. (12)

Remark 3. Notice that we could obtain the same result for Φ(γ′) using the
formula ΦX = ξ × X.

Hence from the magnetic curve equation (2) we obtain the following sys-
tem of differential equations

ez (x′′ + 2x′z′) = −e−zy′,

e−z (y′′ − 2y′z′) = ezx′,

z′′ − e2z (x′)2 + e−2z (y′)2 = 0. (13)

Without the loss of generality, we can restrict our attention to magnetic
trajectories under the following initial conditions:

x(0) = 0, y(0) = 0, z(0) = 0, x′(0) = a, y′(0) = b, and z′(0) = c,

since Sol3 is a homogeneous Riemannian space.
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First we examine special cases when x′ = 0 or y′ = 0. If x′ = 0, then
the first equation of the system (13) implies y′ = 0. From the third equation
of (13), it follows z(s) = c · s. The same result is obtained if we start with
y′ = 0. So, the magnetic curve is a vertical geodesic

γ(s) = (0, 0, c · s) , c ∈ R.

Next, we consider the case z′ = 0. Since z = const, by initial conditions
follow z = 0. Substituting z = 0 in the first and the second equation of (13)
we get the following system of differential equations

x′′(s) = −y′(s) and y′′(s) = x′(s)

whose solution, with respect to the initial conditions, are functions

x(s) = a · sin s + b · cos s − b,

y(s) = b · sin s − a · cos s + a.

Substituting obtained functions in the third equation of (13), we get
a2 = b2. Hence, planar magnetic curves are circles given by

γ(s) = (a · sin s ± a · cos s ∓ a,±a · sin s − a · cos s + a, 0) , a ∈ R.

Notice that if we want that this magnetic curves are parameterized by arc
length, then a =

√
2
2 .

Further, we solve the system (13) for the general case.
We multiply the first equation of (13) by y′ 
= 0 and the second equation by
x′ 
= 0. After summing obtained equations we have

x′′y′ + y′′x′ = e2z (x′)2 − e−2z (y′)2 . (14)

Substituting the right hand side of (14) in the third equation of (13), we have

(x′ · y′)′ = z′′.

After integration, we get

x′ · y′ = z′ + k, k ∈ R. (15)

¿From the initial conditions, we have

k = ab − c. (16)

Substituting (15) in the first equation of (13) and multiplying with 2x′ we
obtain

(

(x′)2
)′

+ 4(x′)2z′ = −2e−2z (z′ + k). (17)
Introducing w(s) = (x(s)′)2 we get the following linear ODE in w

w′ + 4wz′ = −2e−2z (z′ + k).

Solving this ODE, we get

w(s) = C1 e−4z(s) − e−2z(s) − e−2z(s)f(s),

where f(s) = 2 k e−2z(s)
s
∫

0

e2z(τ)dτ and f(0) = 2k = 2(ab − c).
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Here we notice that

w(0) = (x′(0))2 = C1 − 1 − f(0).

Respecting the initial condition x′(0) = a, it follows

C1 = a2 + 2(ab − c) + 1.

Thus we obtain

w(s) = (x′)2 = e−2z(s)
(

(

a2 + 2(ab − c) + 1
)

e−2z(s) − 1 − f(s)
)

. (18)

Finally,

x(s) =

s
∫

0

e−z(τ)
√

(a2 + 2(ab − c) + 1) e−2z(τ) − 1 − f(τ) dτ.

Quite analogously for y-coordinate we obtain

(y′)2 = e2z(s)
(

(

b2 − 2(ab − c) + 1
)

e2z(s) − 1 + g(s)
)

(19)

where g(s) = 2 k e2z(s)
s
∫

0

e−2z(τ)dτ and g(0) = 2k = 2(ab − c). Hence,

y(s) =

s
∫

0

ez(τ)
√

(b2 − 2(ab − c) + 1) e2z(τ) − 1 + g(τ)dτ.

Substituting (18) and (19) in the third equation of the (13) we get

z′′ − (

a2 + 2(ab − c) + 1
)

e−2z +
(

b2 − 2(ab − c) + 1
)

e2z + f(s) + g(s) = 0.

If we multiply this equation by 2 z′(
= 0), after integrating, we obtain

(z′)2 +
(

a2 + 2(ab − c) + 1
)

e−2z +
(

b2 − 2(ab − c) + 1
)

e2z

+ 2

s
∫

0

(f(τ) + g(τ)) z′(τ)dτ = C

After separation of variables, the solution of this equation is given by the
following elliptic integral

dz

±
√

C − (a2 + 2(ab − c) + 1) e−2z − (b2 − 2(ab − c) + 1) e2z − 2
s
∫

0

(f(τ) + g(τ)) z′(τ)dτ

= ds

Hence, the following theorem is proved.

Theorem 1. Magnetic curves in the Sol3 space with respect to the magnetic
field F = dx ∧ dy are:
(a) geodesic lines γ(s) = (0, 0, c s),
(b) curves γ(s) = (a · sin s ± a · cos s ∓ a,±a · sin s − a · cos s + a, 0),
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(c) curves parameterized by

x(s) =

s
∫

0

e
−z(τ)

√

(a2 + 2(ab − c) + 1) e−2z(τ) − 1 − f(τ) dτ,

y(s) =

s
∫

0

e
z(τ)

√

(b2 − 2(ab − c) + 1) e2z(τ) − 1 + g(τ)dτ,

ds =
dz

±
√

C − (a2 + 2(ab − c) + 1) e−2z − (b2 − 2(ab − c) + 1) e2z − 2
s
∫

0
(f(τ) + g(τ)) z′(τ)dτ

,

where a, b, c, C ∈ R and f and g are continuous functions.

We present solutions of the system (13) for different initial velocities using
numerical integration by NDSolve in Wolfram Mathematica. These magnetic
curves are presented on Fig. 1. The initial velocities from the left to the right
are (1, 0, 0), (

√
2
2 ,

√
2
2 , 0), (0, 1, 0) and s ∈ [−100, 100].

Remark 4. Notice that even in the simplest case when k = 0 in (16) and hence
f(s) = g(s) = 0 and ab = c, the z-coordinate function of magnetic curve is
given by an elliptic integral. In this case the magnetic curve parameterized by
arc length is given by

x(s) =

s
∫

0

√√
2e−4z(τ) − e−2z(τ)dτ,

y(s) =

s
∫

0

√√
2e4z(τ) − e2z(τ)dτ,

ds =
dz

±
√

3 − 2
√
2 cosh 2z

.

5. Curvature Properties of Magnetic Curves

In this section we study curvature properties of magnetic curves in Sol3 with
respect to the almost cosymplectic structure given in Sect. 3.2. For this purpose
we prepare fundamental formulas and invariants of arc length parameterized
curves in almost contact metric 3-manifolds.

5.1. Slant Curves in an Almost Contact Metric Manifold

Let (M,Φ, ξ, η, g) be an almost contact metric 3-manifold. Then as we have
seen in Sect. 3.1, M is oriented by the volume form dvg = F ∧ η.

Let γ(s) be an arc length parameterized curve in M satisfying ∇γ′γ′ 
= 0.
Then there exists a positively oriented orthonormal frame field (T (s), N(s), B(s))
along γ(s) such that T (s) = γ′(s), N(s) is orthogonal to T (s) and B(s) =
T (s) × N(s) [11]. The unit vector fields T (s), N(s) and B(s) are called the
tangent vector field, principal normal vector field and binormal vector field,
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Figure 1. Magnetic curves—numerical solutions

respectively. The orthonormal frame field is called the Frenet frame and it
satisfies Frenet-Serret formulas:

⎧

⎨

⎩

∇γ′T = κ1N,
∇γ′N = −κ1T + κ2B,
∇γ′B = −κ2N,

where κ1 and κ2 are smooth functions, called the first curvature and second
curvature, respectively. Note that geodesics are regarded as arc length param-
eterized curves with κ1 = 0.

An arc length parameterized curve γ(s) is said to be a helix if both κ1

and κ2 are constant. In particular, a helix with κ1 > 0 and κ2 = 0 is called a
Riemannian circle.
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Next we recall the notion of contact angle. For an arc length parameter-
ized curve γ(s) in an almost contact metric 3-manifold M , the contact angle
θ(s) (0 ≤ θ(s) ≤ π) of γ(s) is the angle between γ′(s) and ξ, that is,

cos θ(s) = g(γ′(s), ξ) = η(γ′(s)). (20)

An arc length parameterized curve γ(s) in M is said to be a slant curve
if θ is constant. In particular, slant curves with cos θ = 0 are called almost
Legendre curves [11].

5.2. Slant Magnetic Curves in Almost Cosymplectic Space Sol3
Let us investigate magnetic curves in Sol3 from curvature and contact angle
viewpoints. Let γ(s) = (x(s), y(s), z(s)) be an arc length parameterized curve
in Sol3. Then the arc length condition is

e2z(x′)2 + e−2z(y′)2 + (z′)2 = 1.

From (11) and (20) it follows the contact angle θ(s) is given by

cos θ(s) = z′(s).

Thus γ is a slant curve if and only if z′′(s) = 0.
Assume that ∇γ′γ′ 
= 0, then we can put κ1 = |∇γ′γ′| > 0 and set

N = ∇γ′γ′/κ1. Next we define B by B = T × N . Then as in the case of
Euclidean 3-space, we get the Frenet-Serret formulas.

Let us compute the first curvature. Assume that γ is a magnetic curve,
then from (2) and (12), we get

∇γ′γ′ = −e−zy′ e1 + ezx′ e2.

Using the arc length condition, it follows

κ2
1 = (e−zy′)2 + (ezx′)2 = 1 − z′(s)2 = sin2 θ(s).

Thus we get κ1(s) = sin θ(s) ≥ 0.
Moreover we proved the following proposition.

Proposition 1. An arc length parameterized magnetic curve in the Sol3 space
with respect to the magnetic field F = dx ∧ dy is a slant curve if and only if it
has constant first curvature.

Let us assume that γ is a slant magnetic curve with sin θ 
= 0. Then the
unit normal vector field N is given by

N(s) =
1

sin θ

(

−e−z(s)y′(s)e1 + ez(s)x′(s)e2
)

.

Next we determine the binormal vector field B = T × N . The Eq. (7) implies

B = F (T,N)ξ − η(N)ΦT + η(T )ΦN.

Using (10) we determine ΦT and ΦN and by (6) we get F (T,N) = sin θ.
Taking in account η(T ) = cos θ and η(N) = 0 we have

B = sin θξ − cot θ(T − cos θξ) = − cot θ T +
1

sin θ
ξ.
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Let us compute the second curvature using the third Frenet equation.
The covariant derivative of ξ along γ is computed as

∇γ′ξ = (ezx′∇e1 + e−zy′∇e2)e3 = ezx′e1 − e−zy′e2.

Hence we get

g(∇γ′ξ,N) =
1

sin θ
g(ezx′e1 − e−zy′e2,−e−zy′e1 + ezx′e2)

= − 2x′y′

sin θ
.

Thus we obtain

κ2 = − g(∇γ′B,N) = cot θ g(κ1N,N) − 1
sin θ

g(∇γ′ξ,N)

= cos θ +
2x′y′

sin2 θ
.

Proposition 2. Let γ(s) be an arc length parameterized magnetic curve in Sol3.
Assume that the contact angle θ is constant with θ 
= 0, π. Then the Frenet
frame and curvatures are given by

T (s) =ez(s)x′(s) e1 + e−z(s)y′(s) e2,

N(s) =
1

sin θ
ΦT (s) =

1
sin θ

(

−e−z(s)y′(s) e1 + ez(s)x′(s) e2

)

,

B(s) = − cot θ T (s) +
1

sin θ
ξ

= − 1
sin θ

(

cos θ(ez(s)x′(s) e1 + e−z(s)y′(s) e2) − e3

)

,

κ1 = sin θ, κ2 =
2x′y′ + cos θ sin2 θ

sin2 θ
.

In following examples we consider magnetic curves given in Theorem 1
in light of slant curves.

Example 1. (Vertical geodesics) Let us reexamine the vertical geodesic γ(s) =
(0, 0, cs). Under the arc length parametrization, we have c = cos θ = ±1. Hence
γ is a slant geodesic with θ = 0 or π.

Example 2. Next we study curvature property of magnetic curves determined
by z′ = 0. Under the arc length parametrization, the condition z′ = 0 is
equivalent to the almost Legendre property of γ.

From the initial conditions γ(0) = (0, 0, 0) and γ′(0) = (a, b, c), we have
z(s) = 0. Moreover we have κ1 = 1 and c = cos θ = 0. Thus γ is an almost
Legendre curve. Hence a2 + b2 = 1. As we have investigated in Sect. 4, x and
y coordinates are

x(s) = a sin s + b cos s − b, y(s) = −a cos s + b sin s + a.
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The third equation of (13) implies a2 = b2. Thus b = ±a = ±√
2/2.

The second curvature is given by

κ2(s) = 2x′(s)y′(s) = 2ab cos(2s) = ± cos(2s).

Thus κ2 is non constant. Hence the almost Legendre magnetic curve is not
helix. Note that, since γ is an almost Legendre curve, its Frenet frame is given
by

T (s) = γ′(s) = x′(s)e1 + y′(s)e2,

N(s) = ΦT (s) = −y′(s)e1 + x′(s)e2,

B(s) = e3 = ξ.

Example 3. We look for magnetic curves of constant first curvature with 0 <
θ < π and θ 
= π/2. In this case, we have x′ 
= 0 and y′ 
= 0. Since z′′ = 0, we
have z(s) = cs, c = cos θ. Note that a2 + b2 = sin2 θ. Equation (15) becomes

x′ · y′ = c + k, k ∈ R.

The Eq. (17) is then given by

((x′)2)′ + 4c(x′)2 = −2e−2cs(c + k).

The function w(s) = x′(s)2 satisfies

w′(s) + 4cw(s) = −2e−2cs(c + k).

Let us solve this ODE. We know that general solution of w′(s)+4cw(s) =
0 is w(s) = Ae−4cs with A ∈ R. Replace A by a smooth function A(s) and
substitute w(s) = A(s)e−4cs into the ODE, we get

A′(s) = −2(c + k)e2cs.

Solving this, we get

A(s) = −c + k

c
(e2cs + �)

for � ∈ R. From the initial condition w(0) = a2, we have

a2 = −c + k

c
(� + 1).

Hence

w(s) = −c + k

c
e−2cs +

c + k + ca2

c
e−4cs.

Finally, from this result we obtain

x(s) =
∫

√

c + k + ca2

c
e−4cτ − c + k

c
e−2cτ dτ

=
∫

e−cτ

√

(

a2 +
ab

c

)

e−2cτ − 1 − ab − c

c
dτ.
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We would like to compare this with previously determined

x(s) =

s
∫

0

e−z(τ)
√

(a2 + 2(ab − c) + 1) e−2z(τ) − 1 − f(τ) dτ.

These two formulas coincide when and only when k = ab − c = 0. In this case
we obtain the curves described in Remark 4.

Hence, among all curves given in (c) of Theorem 1, only these curves are
magnetic curves with constant first curvature, i.e. slant curves.

5.3. Magnetic Curves of Constant Curvatures

Our next issue is the existence of magnetic curves which are equivalent to
Riemannian circles i.e. κ1 = sin θ = const (0 < θ < π

2 ) and κ2 = 0.
For finding such magnetic curves, by Proposition 1, we need to solve the

following equation

2x′(s)y′(s) + cos θ sin2 θ = 0.

From (15), (16) and z′ = cos θ = c, it follows x′y′ = ab.
Hence, we have 2ab = − cos θ sin2 θ. With the arc length condition a2 +

b2 = sin2 θ, this gives

cos θ = − 2ab

a2 + b2
.

This is the necessary condition that magnetic curves with constant first curva-
ture are analogous of Riemannian circles. The system 2ab = − cos θ sin2 θ and
a2 + b2 = sin2 θ is solvable in a and b. Unfortunately solutions are not nice,
but imply that there are Riemannian circles among slant magnetic curves.
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